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Exercise 10

Solve uy = ugy in 0 < x < /2, u(z,0) = cosz, u(z,0) =0, uy(0,t) =0, u(r/2,t) = 0.

Solution

The method of reflection will be used to solve this problem. Consider the corresponding problem
over the whole line, using the extensions for the initial data that are even with respect to x =0
and odd with respect to 2 = w/2 in order to satisfy the homogeneous boundary conditions.

Vit = gy —oco<r<oo, t>0
’U(IE,O) = Cbext(m)
Ut(l’,o) = ¢ext($)

Gext () = cosz and Pext(x) = 0 are suitable functions for the job. The solution for v is given by
d’Alembert’s formula.

1 43t
v(z,t) = i[éext(x + 3t) + Pext (x — 3t)] + 2(3)/ N Yext(s) ds
1
= i[cos(x + 3t) + cos(x — 3t)]
1
= §[COS:UCOS3t — sin#sm 3t + cos x cos 3t + sin-#-sin 37|

= cos x cos 3t

u is obtained by restricting this solution to 0 < x < 7/2. Therefore,

u(z,t) =coszxcosdt, 0<z< g
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